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Abstrad-The complementary variational problem is studied for thin elastic shells undergoing large
deflections. By using the theory of convex analysis, a truly complementary extremum variational
principle is derived as the dual problem. It is proved that both the minimum property of the
complementary variational problem and the saddle point property of the generalized variational
principle are closely related to a so-called dual gap function,

I. INTRODUCTION

The equations governing thin elastic shells undergoing moderate rotations about tangents
and small rotations about normals to the midsurface are in general difficult to solve and it
is desirable to develop approximate methods. The primal-dual variational principles provide
powerful techniques for obtaining approximate solutions and they can also be used to
generate numerical methods. As the primal problem, the stationary potential variational
principles have received much attention recently, (c.f. e.g. Schmidt and Pietraszkiewicz,
1981; Iura, 1986; Szwabowicz, 1986). The stationary complementary principles in terms
of the first Piola stress were studied by Stumpf (1979) and Wempner (1986). More recently,
the primal extremum problem for geometrical nonlinear elastic thin shells has been studied
by Wempner (1986) and the extremum potential variational principles are established by
Gao (1989) based on convex analysis.

The dual extremum problems, however, are of great difficulty in large deformation
cases. It is well known that the principle of complementary energy for infinitesimal defor­
mation is usually derived from the potential energy principle by using the Legendre trans­
formation (or Fenchel transformation if the total potential functional is nonsmooth). In
other words, the total complementary energy is just the conjugate functional of the total
potential energy. The symmetry between the primal and dual problems is amazingly beauti­
ful. But, in geometric nonlinear cases, this symmetry was unfortunately broken. It has been
proved by Gao and Strang (1988) that there exists a dual gap between the conjugate
functional of the total potential energy and the total complementary potential energy, due
to the nonlinearity of geometrical operator. It is found that the so-called dual gap function
plays a key role in the analysis of geometrical nonlinear mechanics (Gao and Strang, 1989;
Gao, 1989).

In the present work, a truly extremum complementary energy variational principle is
established for geometrically nonlinear elastic shells. We will find that the extremum prop­
erties of the dual problem and the saddle point property of the generalized variational
principle are closely related'to this gap function.

2. PRELIMINARY RELATIONS

Let r(~2) be the position vector of the undeformed shell midsurface S, with curvilinear
Gaussian coordinates ~2(1X = I, 2) and covariant surface base vectors a2 = r.2 • The fields
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inherent in the surface S are a = {a,p} = a, ® ap-the metric tensor, n = 1e'Pa, ® ap-the
unit normal vector, e = s'Pa, ® ap-the surface permutation tensor, b = {b,/I} = a,.p· n­
the curvature tensor. Using the Kronecker delta Dp, the contravariant components of the
metric tensor are defined by the relations axlaA.p = Dp.

Let us denote by a bar quantities referred to the deformed midsurface S. The defor­
mation of the shell midsurface from the undeformed reference configuration S into the
deformed configuration S can be described by the displacement vector

u = r-r = u'a,+wn.

For the base vectors, we have the following relations Koiter (1966):

a, = IA.,a;' +q.>,n = a, + u.,

ii = n,a'+nn

I,p = a,p+9,p-w,p

9,p = 1(u'lp+uPI,)-b,plV

w,p = HUPI' - U'IP)

q.>, = w" +b;u;.

where ( )1, denotes the surface covariant differentiation at S

U'IP = u"P - r;pUA.

wl,p = w.,p-r~pw.A.'

(I)

(2a)

(2b)

(2c)

(2d)

(2e)

(2f)

r;p is the Christoffel symbol of the undeformed shell midsurface S.
Assuming that the Kirchhoff-Love hypothesis holds, the midsurface strain tensor

y = {y,p} and the tensor ofchange ofcurvature K = {K,p} can be expressed in the following:

1,p = 1(ii,p-a,p)

K,p = -(Ii,p-b,p).

(3a)

(3b)

Substituting eqns (2) into eqns (3) yields the strain-displacement relations. In the particular
case of shells with moderately large rotations around tangents, we have:

1,p(U" w) = 9'II(u" w) + 1q.>,(u" w)q.>II(u" w)

K,II(u" w) = - !(q.>'IP+ q>llla)- !b~U"IP-1b;u;'I'+b;b;'llw

. ;. . b"b= -wlaP-b;IPu.. -b,UA.IP-b~UAI'+ a ;'f1W'

(4a)

(4b)

We note that the strain tensor 1 is nonlinear, but not the curvature tensor K.

For elastic thin shells, the stored energy function W(y, K) is quadratic in 1 and K:

where

For isotropic shells we have

(5)
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h'/lAI' = h2 H'/lAI'
12 .
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Here h is the shell thickness, E and v denote the Young's modulus and Poisson's ratio,
respectively. So the constitutive equations can be given as

(6a)

(6b)

in which N = {N'/l}' M = {M'/l} denote the membrane force tensor and the bending
moment tensor, respectively.

Let the vector ii =p'a,+pn be the loading distributed over the shell midsurface,
P == P'a,+Po the boundary force, On f t , the bending moment Mn is also prescribed. Then
the equilibrium equations can be given as follows:

(N'/l-biMA/l)IP-bHNA/lcpp+Mf/)+p'" = 0 in S

Mi!/l+b'/l(N'/l-b!MA/l) +(N'/lcp/l)\'+P = 0 in S.

(7a)

(7b)

Let f = as denote the boundary of Sand f = r .. u fe. For the sake of simplicity, it
is assumed in this paper that along f .. the shell is clamped, i.e.

u, = 0, W = 0, aw = 0 ran on ... (8)

On f t the static boundary conditions are prescribed:

(N'/l-b1MAP)n/l-b<pMJ./lnJ. -P' =0 on f t

iJ
(N'/lcp/l+ MjJ)n. + a/M'/lt,np) -P =0 on f t

where t, S, n are india of the boundary triad on r.

(9a)

(9b)

(9c)

3. ABSTRACT DESCRIPTION AND PRIMAL PROBLEM

Even with the use of the tensorial notation, the governing equations for geometric
nonlinear shells are rather complex and lengthy. For the purpose ofconvenience in descrip­
tion and deduction, the abstract notation from (Gao, 1989; Gao and Strang, 1988) will be
used throughout this paper. Let dfi be an admissible displacements space, the elements in
dfi are displacement uedfi. tf the generalized strain space,

are generalized strain tensors. A : dfi -+ 8 is a geometrical nonlinear operator:
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A;.u = {;."p(u" w)}

AKu = {K,p(U" w)}

AJu = {9,p(u" w)}

A",u = {cp,(u" w)}.

(10)

Then the strain~displacement relations (4) can be written in the following form

A(u)u-E(u) = 0 in S. (II)

According to Gao and Strang (1988), the nonlinear operator Ay can be decomposed
into two parts:

(12)

where

(13)

(14)

We can see here An is a symmetric and quadratic operator:

It will play an important part in the formulation of the complementary energy.
According to the complementarity ofenergy, the conjugate space~· of the admissible

displacement space ~ should be the space of admissible forces. We put !!T =~•. The
element t e.r denote the distributed loads: t = {p in S; P, M n on r}. Similarly, the
conjugate space !I' = &. of f! should be the admissible stress space. The element T e!l'
denotes the generalized stress:

The billinear form (E, T) = "I.pN·P+K.pM·P puts f! and !I' in duality, and we write

(E, T)s = f1(E, T) dS. (15)

In the same way, the bilinear form (u, t) : IJIJ x.r -+ 9t puts ~ and !!T in duality, and we
define

(u, t)s = f1(P·u.+pw) dS+L(rU.+PW-Mn ~:)dr.

Using the Gauss-Green law, it is easy to prove that

(16)
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(A(u)u, T)s = (At(u)u,N)s+ (A"(u)u, N)s+ (A"u, M)s

= (u,At*(u)N),s+(u,A:M)s-G(u,N)

in which A~ and A: are the conjugate operators of At and A", respectively:

687

(17)

in S

in S

on f t

on f t

(18)

A:M=

{[bP(MA/l +M/lA)]p. -b~I/lMA/l} in S

-Mi!/l+b:bA/lM~/l in S

{-bP(MA/l+M/lA)nA} on f t

o
Mi!/ln~ + os (M~/ln~t/l) on f t

(19)

on f t

G(u, N) is the so-called dual gap function (Gao, 1989; Gao and Strang, 1988):

Let

? in S
p in S

t = p~ on f,

P on f,

M" onf,

(20)

The equilibrium equations (7) and the statical boundary conditions (9) can be written in the
following abstract form :

A,*(u)N+A:M-t = 0 on Suf"

or

A'(u)T-t=O onSuf,.

Let 'Wac 'W be a kinematically admissible space:

(21a)

(21b)

(22)

The boundary value problem for geometrical nonlinear thin elastic shells is finding the
displacements u E 'Wa, such that
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{

A(U)U-E_= 0

A1(u)T-t = 0

oW
T--=O

oE

in S

in Su r,

in S

(23)

The external potential done by the distributed load i is a linear functional of Uover

F(u) = (u, -i)s = - fL(ft·u. +ftw) dS

r (- - - ow)- Jr, P·u.+Pw-Mn on de

The total potential energy functional II : t! x I1IJa .... iR should be:

ll(E,u) = fLW(y, K) dS+F(u).

Substituting the geometrical relation (II) into (25), we write

2(u) = ll(Au, u).

(24)

(25)

(26)

Then we have the primal problem for geometrically nonlinear thin elastic shells: to find
oe o/ta such that

2(0) = sta 2(u).
uecW"

It is easy to prove that for any given ue o/ta, the stationary points ii of 2 satisfy

'::' _ _ <:> * _ 0 W(Aii) _
b....(u) - 0 AT(u) o(Aii) t - 0

(27)

(28)

i.e. the stationary points ii solve the boundary value problem (23).
We should emphasize that although the stored energy function W(E): t! .... iR is convex

with respect to the strain tensor E, W(Au): I¥/ -+ II< is not sure convex with respect to the
displacement u due to the nonlinearity of geometrical operator A. It has been proved Gao
(1989) that if the gap function G satisfies

- fr 10W(Aii)
G(u,~(u»= J

s
2 o(L\ii) :(A.,u®A.,u)dS~O Vueo/ta (29)

the total potential energy 2: o/ta .... 1R is convex. In this case, we have the minimal potential
principle:

For any given u e I¥/a' if the gap function G satisfies inequality (29), then the stationary
points ii of 2 minimize 2 :



Energy principles for elastic shells

2(ii) = inf 2(u).
Me"'.
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(30)

4. CONJUGATE TRANSFORMATION AND COMPLEMENTARY ENERGY

According to the theory ofconvex analysis, the conjugate function ofthe stored energy
W can be given by using Legendre-Fenchel transformation:

W*(T) = sup {(E, T) - W(E)}
Eel

_ 1H- 1 Na.{JNAP.+1h- 1 MlZfJMAP.
- 2 IZfJAp. 2 IZfJAP. . (31)

Obviously W*: 9' -IR is convex and quadratic. The conjugate function of F(u) is given
by:

F*( -A~(ii)T) = sup {(u, -A~(ii)T>S-F(u)}
ue<ft'.

= sup {(u. -A~(u)T+i>S}
ue·G

if A~(u)T-i= 0 on Su r t

otherwise.
(32)

So the conjugate functional of the total potential energy n should be

n*(T, - A1(ii)T) =fi W*(T) dS+ F*( - A~(ii)T). (33)

However, unfortunately for geometrical nonlinear problems, the conjugate functional n*
of the total potential energy is not the total complementary energy functional (Gao and
Strang. 1988). The difference is just the gap function G. Hence, the total complementary
energy functional for geometrical nonlinear thin elastic shells is:

n:(T, -A*(u)T) = n*(T, -A1(u)T) +G(u, N)

=fi W*(T) dS+ fi !tp,,(u)tpfJ(u)Na.{J dS+ F*( - A1(u)T). (34)

We note that the variational arguments in n: is not only the stress tensor

but also the displacement

due to the nonlinearity of the geometric operator A.
Let 9'" c t¥/ x 9' be a statically admissible space:

9'" == {(u, T)et¥/ x 9' IA1(u)T-i = 0 in Su r,} (35)

then we have the stationary complementary energy principle of the geometrical nonlinear
elastic shells:
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Among all the (u. T) e9"a, the stationary points (ii, 1) of II: solu the boundarr value
problem (23), i.e. .

{

Aii - 0~i~ = 0 in S

c5IIc*(1. - A*(0)1) = 0 <:> C
_ _ (hi·
u, = 11.' = -- = 0 on f uen

For a given stationary point ii of II:. over 9"a, let

2*(T) = -IIc*(T, -A*(ii)T)

= - fi W*(T) dS- fi 1<P,(U)<pp(ii)N'P dS.

(36)

(37)

Then the dual variational principle for nonlinear shell analysis can be described as follows:

Theorem 1. Among all statically admissible fields T e 9"a' the solutions 'f of the boundary
IJalue problem (23) maximize 2*(T). i.e.

2*(1) = sup E*(T).
TeY'a

(38)

Proof Considering the convexity of the complementary energy W*. the constitutive
equation

~ _ oW*(T)
£, - 01

yields the following inequality:

W*(T) - w*(f) ~ (E, T - f) VT e 9"

I.e.

(39a)

W*(N,M)- W*(N,1\l) ~ (j,N-N)+(K,M-1\l) V(N,M)e9". (39b)

Substituting the geometric relation E = Au into (39) gives

W*(N, M) - W*(N, 1\l) ~ (A,(ii)ii, N - N) + (A"ii, M -1\l)

+<Aiu)u,N-N) V(l'i.M)e9". (40)

Integrating (40) over the midsurface S and using Gauss-Green transformation, we obtain

fi W*(N, M)dS-fi W*(N,1\l)dS ~ (ii,Al(ii)N+A:(ii)Mh

+ (An (ii)ii, N)s - (ii, A,*(ii)N + A:(ii)1\l)s - <An (ii)ii, N)

= (ii,A~(ii)T-i)s-G(ii,N)+G(ii.N) VTe9". (41)

So for any given statically admissible stresses T e 9"a' we have

2*(T)-E*(f) ~ 0 VTe9"o

which means that f maximizes 2* over 9"0'

(42)
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Furthermore, we can prove the following complementary extremum principle (two­
fields complementary variational extremum principle):

Theorem 2. If the gap function G(u, N) ~ 0 for any gil'en (u,N)e9"a, the solutions
(ii, t) of the boundary value problem (23) minimize n:, i.e.

n:(t, -A*(ii)t) = inf n:(T, -A*(u)T).
(u, T)e9".

Proof With e5u = ii-u,

E(ii) = E(u) + Ar(u)e5u - AN(e5u)e5u

= Ar(u)u + AN(u)u + Ar (u)e5u-AN(e5u)<5u

= Ar(u)ii + AN(u)u - AN (e5u)e5u.

It means

Y.p(U., w) = 8a.p(u" w) + CPa. (ua., W)cpp(U., w) - !cp.(u., w)cpp(u., w)

+ !cpa.(e5u., e5w)cpp(e5ua., e5w)

K.p(U., w) = K.p(U., w).

Substituting into eqn (39), we obtain

(43)

W*(T) - W*(t) ~ (Ar(u)ii, T) + (AN(u)u, T) - (AN(e5u)e5u, T)

- (Ar(ii)ii, t) - (A,v(ii)ii, t) 'v' T e 9". (44)

Integrating (44) and using Gauss-Green transformation, we have

fLW*(T)dS+( -An(u)u,N)s-fLW*(t)dS-( -An(ii)ii,~)s

~ (ii, A~(u)T)s- (ii, A~(ii)th - (An (e5u)e5u, N)s. (45)

For any given (u, T) e9"a, inequality (45) yields

n:(T, -A*(u)T)-n:<f, -A*(ii)t) ~ G(e5u,N) 'v'(u, T)e9"a' (46)

By assumption G(u, N) ~ 0 for any (u, T) elJlt x 9", we have

nc*(T, -A*(u)T)-n:(t, -A*(ii)t) ~ 0 'v' (u, T)e9"a

which means that (ii, t) minimize n: over 9"a.

5. GENERALIZED SADDLE POINT VARIATIONAL PRINCIPLE

The equilibrium constraint in extremum principle (43) can be relaxed by Lagrangian
L:lJItx9"-R:

L(u, T) = (u,A~(u)T-i>S-fLW*(T)dS-G(u,l'lj

= (Ar(u)u, T)s-fLW*(T)dS+(AN(u)u, T)s-(u, t)s

= (A(u)u, T)s - fLW*(T) dS- (u, t)s. (47)
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The generalized variational principle for geometrical nonlinear elastic thin shells states that:

Among all u Ecrta and T E!/', the stationary points (ii. t) of L(u, T) soke the boundarr
['alue problem (23), i.e. .

{

_ _ aw*(t)
<5L(ii, t) = 0 <=> A(u)u~ _ at = 0

A~(ii)T - t = 0

in S

in Su r,
(48)

The following theorem states the saddle point property of Lagrangian L(u, T).

Theorem 3. Among all UEcrta and TE!/', if the gap function G satisfies G(u, T) ~ 0,
then the solutions (ii, t) of the boundary value problem (23) are the saddle points of
L(u, T), i.e.

L(u, t) = inf sup L(u, T).
ue'i'a TeS"

Proof Since

sup L(u, T) = sup {f r [(E(u), T)- W*(T)] dS}+(U, -i)s
TeS" TeS" Js

=fLW(E(u»dS+(u, -i)s = 3(u).

Recalling the extremum potential principle (30), we have

inf sup L(u, T) = inf L(u, t) = inf 3(u) = L(ii, t).
ae"*a Te.Y' ue.fta ue-t'a

(49)

(50)

6. CONCLUDING REMARK

The results presented above show that in the theory of geometrical nonlinear elastic
shells, there exists a complementary gap function between the total potential energy func­
tional 3(u) and the total complementary energy functional E*(T). This gap function pro­
vides a global extremal criteria for the primal-dual variational problems, i.e. for any given
admissible UEcrt and N e!/', if

G(u, N) = fIs !cp.(u)cpp(u)N·P dS ~ 0

then the 3(u) and 3*(T) are convex and concave functionals, respectively. In this case, the
boundary value problem (23) is stable. Otherwise, the shell may be instable. Theorem 3
suggests a generalized saddle point variational principle for problem (23). By using finite
element method, this principle gives rise to a min-max nonlinear optimization problem.
Since the equilibrium constraint for u and T is relaxed, it is easy to choose try functions in
engineering problems.
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